Abstract. -We present new analytical tools able to predict the averaged behavior of fronts spreading through self-similar spatial systems starting from reaction-diffusion equations. The averaged speed for these fronts is predicted and compared with the predictions from a more general equation (proposed in a previous work of ours) and simulations. We focus here on two fractals, the Sierpinski gasket (SG) and the Koch curve (KC), for two reasons, i.e. i) they are widely known structures and ii) they are deterministic fractals, so the analytical study of them turns out to be more intuitive. These structures, despite their simplicity, let us observe several characteristics of fractal fronts. Finally, we discuss the usefulness and limitations of our approach.
Introduction. -The analysis of transport processes on fractals received great attention during the early eighties [1] , but in the last years it has decreased notably, although there are still many open problems in this field [2] . For instance, several attempts to describe diffusion in fractals by means of partial differential equations (PDEs) have been done [3] [4] [5] . Recently, we proposed [6] the Campos-Méndez-Fort (CMF) diffusion equation that accounts for the main scaling (power law) relations known. Moreover, that equation allows one to include into the formalism a growth function in order to consider reaction-diffusion (RD) systems, which are known to exhibit travelling front solutions [7] . By doing so, the characteristics of fronts spreading through fractal structures can also be studied, achieving again good agreement between this equation and previous theoretical results derived from scaling analysis [8] .
The aim of this work is to show the interest and validity of some PDEs describing propagation within self-similar media, so they could be used in many potential applications as transport through porous soils [9] , electronic properties of fractal structures [10] , forest fires [11] , biological invasions [12] , . . . . The main parameter which characterizes propagation is the front speed. Here we compare for first time theoretical predictions for the speed of RD fronts with c EDP Sciences simulations on fractal structures and discuss the properties of these simulated fronts. For this purpose, we have used two deterministic finitely ramified [13] fractals: the SG and the KC. The reason for this choice is that deterministic fractals, as we will show, allow us to perform an extremely simple analysis based on their widely known properties. Finally, we include in our comparative study the CMF equation derived in [6] , which is expected to hold for a large class of fractals, including random structures as percolation clusters.
The Sierpinski gasket. -The iteration process for the Sierpinski-gasket construction can be seen in fig. 1 (top). We will consider walks starting from the origin O so that at any time step τ the walkers have the same probability of jumping to every one of their first neighbours (in the SG, all points have 4 first-neighbours, except for the origin O). Then, going up to the regime t τ , we can consider the process as continuous. To analyze walks within this complex structure, we will make the assumption that diffusion through the chemical-distance space behaves as classical diffusion [8] . The chemical distance l is defined as the minimum distance between two points within the fractal (it is the minimum number of points that a particle must visit to go from one of the points to the other one). This equivalence (l-distance is equal to the number of jumps required) is what led us to consider that diffusion through l-space behaves in some sense as classical diffusion (we shall see below the limitations of this assumption). According to this, we can write the evolution of the probability density n(l, t) to find a particle at time t at a distance l from the origin, as
which is the classical diffusion equation plus a growth (logistic) function. D is the diffusion coefficient and a is the growth parameter, which here is taken as a constant, as usual. Travelling solutions of eq. (1) have been widely studied before [14, 15] and it is known that they yield propagative fronts with velocity
Looking at eq. (2), we conclude that we just need to estimate the parameter of diffusion D, which in the homogeneous case has the form [16, 17] 
n(l, t)dl the relation between ∆l
2 and D is obtained [17] . Here the situation is different and we must integrate only over the fractal structure. As shown before [3, 6] , the normalization rule for fractals reads 1 =
It arises from the fact that the number of points in the structure grows as l d l (this relation defines the exponent d l , which is equivalent in the l-space to the usual fractal dimension d f in the Euclidean space), so the integration is over d(l
. This normalization rule leads us to
So, eq. (3) is the form of the diffusion coefficient D for fractals assuming that eq. (1) is valid. Now, the way to find ∆l 2 for the SG case is by analyzing the different kind of points within that structure ( fig. 2) . From arguments of symmetry, it is easy to see that the SG is made up by one third of points of each class, a), b) and c). In fig. 2 we also represent the distances ∆l due to the jumps to the 4 first neighbours. According to the arguments above about l, in the direction AB (in fig. 1 ) all the points have the same value of l, so a jump in this direction means ∆l = 0. All this leads us to estimate D from (3) 
where l 0 = L/2 M is the distance between first neighbours (for simulations, we will always take l 0 = 1 and τ = 1 for simplicity). Moreover, we have used the relation d l = d f = 1.58 for the SG [2] . In consequence, the predicted speed will be
For now, we have found an expression for the speed in the l-space, but we are usually more interested in the Euclidean space, defined by the distance r. Passing from one space to the other is really very simple by means of another well-known power law relation [2] 
where k is a constant and d min is called the minimum-distance dimension. When we introduce the new variable r into eqs. (1) and (2), they turn into The values of k and d min for the SG can be found from simulations of eq. (6), which yield k = 1.01 ± 0.01 and d min = 1.01 ± 0.01. This leads us to the conclusion that l ≈ r for the SG, so v r ≈ v l should be expected.
The plot in fig. 3 shows the evolution of the travelling front arising from random-walk simulations as those described above on the SG and then adding the reaction term by applying the growth function an(1 − n) to every point of the lattice at any time step. In the l-space, we obtain step-like fronts, as happens in RD processes in homogeneous media, but for the Euclidean space the fronts present a certain width which grows with time. This is due to the relation (6): the more walkers advance through the fractal and find greater obstacles, the more fluctuations on the averaged behavior (6) grow; this is an aspect that must be taken into account to study fronts on fractals, as noted before by some authors [18] .
The Koch curve. -The KC is shown in fig. 1 (bottom) . It is a topologically 1D or "linear" fractal (which means d l = 1 [2] ), so it should be expected that transport processes on it were easier to describe. In fact, in the l-space, diffusion through the KC is analogous to diffusion through a one-dimensional chain, so in this case our assumption for the l-space follows exactly. The form of the diffusion coefficient, similar to that done in eq. (4) 
As diffusion in l-space is trivial in this case, we can directly go to study the r-space. There, eqs. (7) and (8) should hold, as the arguments for the SG are still valid. The parameters k and d min are taken again from simulations of r vs. l. We obtain in this case k = 1.08 ± 0.02 and d min = 1.27 ± 0.01. This is in agreement with the fact that for 1D topological structures d min must equal the fractal dimension d f (for the KC, d f = ln 4/ ln 3 = 1.26) [2] . These results will serve us to predict the speed v r and to compare it with the speed of the simulated fronts. This has been done in fig. 4 (choosing the point O in fig. 1 as the origin) , where one can see that the agreement is excellent.
It is important to note that, although the KC is expected to yield a simpler dynamics than the SG (due to the fact that it is topologically linear), we find in this case that fronts are decelerated (see fig. 4 ). The reason is that the only one parameter determining the acceleration of fractal fronts is d min , as we have emphasized in previous works [8] . From eq. (8) it can be concluded that fronts in fractals are decelerated except when d min = 1. This is what happens for the SG case shown before, where fronts advance with constant speed.
We want to stress that most numerical studies on fractal diffusion have just focused on the SG case. Then, the effect of d min has not been shown before. Our work shows that it is important to consider this parameter, as its effect is essential for the dynamics of fronts.
Comparison with the CMF equation. -The CMF equation has the form
where
w is the fractal dimension of the random walk [2] and D 0 is the fractal-diffusion coefficient, whose value can be estimated from
which arises directly from the normalization of the solution in (10) [6] . We recently proved that (10) is the only PDE proposed to date which can reproduce the best-known asymptotic results on fractal diffusion [6, 8] . According to this, the front speed predicted by it,
should agree with that from simulations on the SG and the KC. Figure 5 , which summarizes the main results obtained from our work, shows the comparison between the simulations (points), the CMF equation (solid lines) and eq. (7) presented here for first time (dotted lines), as a function of the growth rate a, which is the only one parameter absolutely independent of the fractal structure considered [19] . In the case of KC, as the front is decelerated, we have used for the plot a fixed arbitrary time t = 200. The agreement found is good in general, so this confirms that our two approximations are suitable for the description of RD fronts through these fractals. However, we observe some deviations in the SG case for the l-space model, so we should discuss about the validity of the model presented, based on the assumption that diffusion in the l-space shows classical behavior. We have already explained above that this assumption is correct for 1D topological structures. There, d l = 1 and so fractal effects do not appear for l (the diffusion in the l-space is exactly analogous to non-fractal diffusion in 1D). Hence, the small deviations found for the KC case ( fig. 5 ) can only be due to the statistical fluctuations involved in the relation (6) .
For the SG, the agreement found is not so good, so at the sight of this we can conclude that the assumption for l is less accurate for non-linear topological structures; for those cases, a more general approach is advisable. However, fig. 5 shows that this method can fit approximately the propagation rate of fronts also for the SG, so eq. (8) can be still useful in this case.
In contrast with that, the CMF equation should hold in principle for most fractals [6, 8] , including random structures. Nevertheless, it is a more complex approach than (7), since it involves more parameters. Here we have tried to present a very simple model based on analogies with classical transport processes, and compare it to the more complicate CMF equation in order to show its validity.
Anyway, we do not mean that the equations studied here are able to explain all the intrincate features of such a complex process as transport in fractals. They are just an averaged (asymptotic) approximation, since scaling relations in fractals, which are in the background of our work, are just statistical laws. Actually, multifractality and some complex characteristics of fractals dynamics observed before [2, 20] are not considered here. So, we want to stress that our approach, in spite of its interest for fractal theory, is rather a predictive tool useful for those experimentalists working on transport through self-similar media.
